The main purpose of this paper is to study when a (T , I, D) construction ring is a stably strong S-ring. This allows us to generalize and improve some known results and to discover new classes of stably strong S-domains. We propose a positive answer in a special case of this construction to the famous problem: Is R stably strong S when R[X] is strong S?
Introduction
All rings considered in this paper are assumed to be commutative with identity. The undefined terminology is standard as in [10] .
A ring R is said to be an S-(eidenberg) ring if for each height one prime ideal p of R the extended prime p[X] is also height one. A ring R is a strong S-ring if, R/p is an S-ring for each prime ideal p of R (equivalently if for each consecutive pair p ⊂ q of primes in R, the extended primes p[X] ⊂ q [X] are consecutive in R [X] ) (cf. [3, 6, 11] ). The class of strong S-rings is stable under localization and quotient but not under polynomial extensions. A stably strong S-ring is a ring R such that R [n] , the ring of polynomials in n indeterminates, is strong S for any n (cf. [3, 11] ). Examples of stably strong S-rings are Noetherian and Prüfer rings. A ring R is catenarian if, for each pair p ⊂ q of primes, all the saturated chains of primes between p and q have the same finite length. In the case R is an integral domain, this is equivalent to the fact that for any consecutive primes p ⊂ q in R, we have ht q = ht p + 1. A ring R such that R[n] is catenarian for any n is said to be universally catenarian. Note that if R[X] is catenarian or strong S, then so is R, and if R[X] is catenarian, then R is strong S. Thus universally catenarian rings are stably strong S. Examples of universally catenarian rings are Prüfer rings and finitely generated algebras over a field. Strong S-and catenarian rings have been deeply studied for a number of years, so many useful and important properties of such rings are known. Because of this, they have played an important role in many research problems in commutative algebra. Recall that it is known that if R is a Noetherian ring such that R[X] is catenarian, then so is R[X, Y ], and, hence R is universally catenarian; yet the non-Noetherian case was answered by the second author (in collaboration with M. Ben Nasr) in [4] by the negative with a twodimensional counterexample using a (T , I, D) construction where I is an height one prime ideal of T . Recall also a related question: Is R[X, Y ] strong S when R[X] is strong S? As a consequence of our study we give a positive answer to this question in a special case of the (T , I, D) construction, namely the case where I is an intersection of finite maximal ideals of T .
Let us now recall some terminology: Let T be a ring, I an ideal of T , D be a subring of T /I and let R be the subring of T formed by the elements the class of which is in D modulo I . We thus obtain a pullback construction:
Following [5] , we say that R is a ring of the (T , I, D) construction and we set R := (T , I, D). Note that R = (T , I, D) if and only it is contained in T and shares the ideal I with the ring T . Note that this type of pullback construction has been very useful in commutative algebra since it is the principal source of examples and counterexamples for questions related to chains of prime ideals in polynomial rings (see for example [1, 4, 11] ). In [1, [7] [8] [9] the authors have investigated respectively the transfer of stably S-property about classical D + M construction, or subrings of the form
, or also subrings of the form S = A + XD [X] of the polynomial ring D [X] . In this paper, we deal with a more general situation. In fact, let R ⊂ T be two domains sharing a nonzero ideal I . We are interested in knowing when R is a stably strong S-ring. We establish in Section 2 that if T is a stably strong S-ring, then R is a stably strong S-ring if and only if R/I is a stably strong S-ring and the extension R ⊂ T is universally algebraic modulo I . This theorem generalizes, in particular, [8, Théorème 1.7] and [11, Théorème 1.1] which were respectively the principal purpose of the papers [8] and [11] .
Section 3 is mostly devoted to study subrings of the form S = A + I of a Noetherian finitely generated algebra D[y 1 , y 2 , . . . , y n ] defined and studied in [1] when D is a field.
This study leads us to further nonstandard classes of stably strong S-rings. Unless otherwise specified, the symbols T , D, I , R have the above meaning throughout the paper. We use "⊂" to denote proper containment and "⊆" to denote containment. Transcendence degrees play an important role in our results; if R ⊂ S are two domains, we denote by tr.deg[S : R] the transcendence degree of the field of fractions of S over that of R.
S-property
We start by the following useful lemma.
Lemma 2.1. Let P ⊂ P two consecutive primes in R, with only P containing I . The following are equivalent:
. But L and Q are both above P , and
. Necessarily this chain is saturated and H ∩R = P , thus H does not contain
The characterization of S-rings follows immediately:
Proposition 2.2. Suppose that T is an S-ring. The following statements are equivalent: (i) R is an S-ring.
(ii) For each height one prime ideal P in R containing I and each prime Q lifting P in T , T /Q is algebraic over R/P .
The characterizations of strong S-rings and stably strong S-rings follow readily; but one needs to recall the following definitions which have been introduced in [8] : The extension R ⊂ T is said to be algebraic modulo I if for every two prime ideals Q, Q such that
In [8 is a strong S-ring (respectively, a stably strong S-ring) .
(ii) R/I is a strong S-ring (respectively, a stably strong S-ring) and R ⊂ T is algebraic modulo I (respectively, universally algebraic modulo I ).
Proof. For R to be a strong S-ring, it must be that for each pair P ⊂ P of consecutive
. This is true of each such pair not containing I , as T is supposed to be a strong S-ring, and this is true of each such pair containing I if and only if R/I is a strong S-ring. Thus it remains to consider the case where P only contains I . Such a pair lifts in T as a pair Q ⊂ Q of consecutive primes (choosing Q minimal containing Q + I ). As T is supposed to be a strong S-ring, 
Recall that a ring extension A ⊆ B is said to be residually algebraic if, for each prime ideal Q of B, B/Q is algebraic over A/(Q ∩ A). One can check easily that if A ⊆ B is residually algebraic, then so is A[n] ⊆ B[n] for each integer n (cf. [7, Lemme 1.4]). Hence A ⊆ B is universally algebraic modulo I . In the case when R = (T , I, D), it is easy to see that if R/I ⊂ T /I is residually algebraic, then so is R ⊂ T (because if Q is a prime ideal of T which does not contain I , then T Q = R Q∩R . Hence T /Q is algebraic over R/(Q ∩ R)).
Thus R ⊂ T is universally algebraic modulo I . As a consequence of Theorem 2.3 we get
Corollary 2.4. If T , R/I are strong S-rings (respectively, stably strong S-rings) and the extension R ⊂ T is residually algebraic, then R is a strong S-ring (respectively, a stably strong S-ring).
In the case where every prime ideal of T containing I is maximal, the fact that T /M is algebraic over R/(M ∩ R) for each such maximal ideal M means that R/I ⊂ T /I is residually algebraic and hence, that R ⊂ T is residually algebraic. In this particular case we then can deduce a result which generalizes [3, Corollaire 2.2].
Corollary 2.5. Suppose that every prime ideal of T containing I is maximal. If T and R/I are strong S-rings (respectively, stably strong S-rings) and R/(M ∩ R) ⊂ T /M is algebraic for each maximal ideal M of T containing I , then R is a strong S-ring (respectively, a stably strong S-ring).
In what follows we give a contribution to the study of a famous conjecture on chains of primes in polynomial rings: Is R stably strong S when R[X] is strong S? But first of all recall that the most famous example constructed by gluing techniques is certainly Nagata's example [12] . The basic idea of the construction is to consider two maximal ideals M 1 and M 2 of different heights of a domain T and to "glue" them in the sense of constructing a subring R of T that satisfies the following two properties: T is integral over R and M 1 ∩ R = M 2 ∩ R. After Nagata, many authors have used this gluing process to solve problems of various kind, especially which deal with chains of primes in polynomial rings. In [5] , Cahen has explained in a simple but clever way the gluing process (pullback constructions) and performed some results. Until now, pullback constructions are the unique efficient way to construct counterexamples for questions related to chains of primes in polynomial rings. Surely, the most delicate problem deals with the ascent of properties (strong S, catenarian,
This fact is attested by the number of conjectures generated by this kind of problems.
Theorem 2.6. Let R be a ring obtained by a (T , I, D) construction where I is an intersection of a finite number of maximal ideals of T . Assume T and R/I to be stably strong S-rings. Then the following statements are equivalent:
(i) R[X] is a strong S-ring. (ii) For each maximal ideal M of T containing I , letting P = M ∩ R, T /M is algebraic over R/P . (iii) R is a stably strong S-ring.
Proof. (ii) ⇒ (iii) follows readily from Corollary 2.5 and (iii) ⇒
. They are not necessarily consecutive, so let P be maximal among the primes such that P 1 ⊆ P ⊂ P 1 and not containing I , and P be minimal such that P 1 ⊆ P ⊂ P ⊆ P 1 . Thus P does not contains I , P contains I and the chain
(indeed, as P 1 does not contain I , it lifts uniquely in T [X]). So Q contains tX − 1, and it contains I . It cannot contain any prime containing t (if so, it would contain 1). Thus Q is above M. More precisely it is an upper to M (since tX
. Let us show it is an upper to P . Consider the polynomial
As tt ∈ I , f belongs to
, and hence P is an upper to P . If R[X] is a strong S-ring, it follows from Lemma 2.1 that T [X]/Q is algebraic over R[X]/P. As Q and P are uppers respectively to M and P , it follows that T /M is algebraic over R/P . 2
Application to a finitely generated algebra
We start by the following lemma. Let Q, Q be two prime ideals of T such that I ⊆ Q , Q + I ⊂ Q and ht(q/q ) = 1, where q = Q ∩ R and q = Q ∩ R. As T /Q is a Noetherian R/q -finitely generated algebra, then according to [ Proof. Observe first that T is a Noetherian finitely generated algebra over R, so R ⊂ T is universally algebraic modulo I (Lemma 3.1). Because T is Noetherian, then T is a stably strong S-ring. Thus R is a stably strong S-ring since D is a stably strong S-ring (Theorem 2.3). 2
The next result generalizes [1, Théorème 3.5]. Proof. Consider S = K + I , then S is an intermediate ring between R and T . In view of Theorem 3.2, we can deduce that S is a stably strong S-ring. It remains to apply Theorem 2.6 since R and S share the ideal I which is maximal in S. 2 Proof. Consider S = D + I , then S is an intermediate ring between R and T . In view of Theorem 3.2, we can deduce that S is a stably strong S-ring. It remains to apply Corollary 2.4 since R and S share the ideal I and R ⊂ S is residually algebraic. 2
Finally we close this section with some new examples of stably strong S-rings as a direct application of our study. 
